A Bożejko–Picardello type inequality for finite-dimensional CAT(0) cube complexes  by Mizuta, Naokazu
Journal of Functional Analysis 254 (2008) 760–772
www.elsevier.com/locate/jfa
A Boz˙ejko–Picardello type inequality
for finite-dimensional CAT(0) cube complexes
Naokazu Mizuta
Department of Mathematical Science, University of Tokyo, Komaba, 153-8914, Japan
Received 2 April 2007; accepted 6 November 2007
Communicated by D. Voiculescu
Abstract
We prove a Boz˙ejko–Picardello type inequality for finite-dimensional CAT(0) cube complexes and as a
consequence we obtain that a group acting properly on a finite-dimensional CAT(0) cube complex is weakly
amenable with the Cowling–Haagerup constant 1.
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1. Introduction
In [1], they considered the characteristic functions χn of Xn = {(x, y) ∈ X ×X: d(x, y) = n}
for a tree X and proved that the norms of their Schur multiplier grow at most linearly. In the
present paper, we study the geometry of CAT(0) cube complexes following [1] and prove that in
a finite-dimensional CAT(0) cube complex case, the corresponding norms grow at most polyno-
mially. This is a generalization of the result in [1] since a tree is exactly a 1-dimensional CAT(0)
cube complex. As a consequence, we obtain that a group acting properly on a finite-dimensional
CAT(0) cube complex is weakly amenable with the Cowling–Haagerup constant 1.
In operator algebra, it is very important to consider finite-dimensional approximation prop-
erties and among other things, amenability has been one of the central topic since the origin
of operator algebra. Amenability of a group is characterized by nuclearity of its reduced group
C∗-algebra, which is some kind of finite-dimensional approximation property. The first example
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completely bounded approximation property, or CBAP in short. CBAP was thoroughly studied
in [8,15], and the notion of weak amenability of a group is introduced which turned out to be
equivalent to CBAP of its reduced group C∗-algebras. Nuclearity obviously implies CBAP, so
weak amenability is a weak form of amenability in a sense. There is another important finite-
dimensional approximation property called exactness. In [4], it was shown that a group acting
properly and cocompactly on a finite-dimensional CAT(0) cube complex is exact. It is known
that weak amenability (or, more generally, AP) for a group implies exactness [15] and hence our
result extends the above result in [4]. The class of weakly amenable groups is fairly large in-
cluding all amenable groups, free groups, lattices of simple Lie groups of R-rank 1 [8,9,23] and
all Coxeter groups [11,16]. On the other hand, Haagerup [23] showed that lattices of simple Lie
groups of higher rank are not weakly amenable. See also [10]. It was proved in [17] that Coxeter
groups act properly on (locally finite) finite-dimensional CAT(0) cube complexes and hence our
result reproves the result of [11,16] (through [17]).
In [13], they also showed weak amenability for a group acting properly on a finite-dimensional
CAT(0) cube complex using uniformly bounded representations.
The paper is organized as follows. In Section 2, we provide some background and notation
used in the rest of the paper. In Section 3, we prove our main result, a Boz˙ejko–Picardello type
inequality for finite-dimensional CAT(0) cube complexes exploiting the fact that the 1-skeleton
of a CAT(0) cube complex is a median graph.
2. Preliminaries
Throughout the paper, Z+, N denote the set of non-negative integers, positive integers respec-
tively and #S denotes the cardinality of a set S.
2.1. Schur multiplier
Let A and B be C∗-algebras and ϕ :A → B be a linear map. We say that ϕ is completely
bounded if ‖ϕ‖cb := supn‖ϕ ⊗ idn‖ < ∞ where idn denotes the identity map on n × n matrix
algebra and we refer to it as the completely bounded norm, or cb-norm of ϕ. Let X be a set and
k be a function on X ×X. For any T ∈ B(2(X)), we write it as a matrix T = [Tx,y]x,y∈X where
Tx,y = 〈T δy, δx〉, δx denotes the Dirac function of {x}. Here we denote by B(H) the set of all
bounded linear maps on a Hilbert space H . The Schur multiplier associated with k is a map mk
which sends [Tx,y] to [k(x, y)Tx,y]. (This may not be an everywhere-defined map on B(2(X)).)
If this correspondence does define a map on all of B(H), we have that mk is completely bounded
with completely bounded norm  C iff there exist families of vectors (ξx)x∈X and (ηy)y∈X in
a Hilbert space H such that k(x, y) = 〈ηy, ξx〉 for every x, y ∈ X and supx,y∈X‖ξx‖‖ηy‖  C
[20, p. 110]. The completely bounded norm of mk is denoted by ‖k‖cb. If k is the characteristic
function χF of a subset F ⊆ X × X, then we abbreviate ‖χF ‖cb to ‖F‖cb. Assume X = Γ is
a group. For a function ϕ on Γ , we associate it with the kernel (s, t) → ϕ(st−1) and call the
resulting Schur multiplier as the Herz–Schur multiplier. We still denote its cb-norm by ‖ϕ‖cb.
A function k on X × X is said to be positive definite if for any n in N, any complex numbers
α1, . . . , αn and any points x1, . . . , xn in X, we have
∑
i,j α¯iαj k(xi, xj ) 0 where α¯ denotes the
complex conjugate of the complex number α. Also, a function ϕ on a group Γ is said to be posi-
tive definite if the associated kernel is positive definite. The Schur multiplier of a positive definite
function whose diagonals are 1 gives rise to a unital completely positive map on B(2(X)) and
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edness, complete positivity and Schur multipliers, see [20].
2.2. Weakly amenable group
In this paper, all groups are assumed to be discrete and countable. A discrete group Γ is said
to be weakly amenable if there exists a sequence (ϕn) of finitely supported functions on Γ and
a constant C such that ϕn → 1 pointwise and lim supn→∞‖ϕn‖cb  C. The Cowling–Haagerup
constant Λcb(Γ ) is the infimum of all such C for which such a sequence (ϕn) exists. For basics
of weak amenability, see [3,8,9,15].
2.3. CAT(0) cube complex
A cube complex X is a metric polytopal complex in which each cell is isometric to the Euclid-
ean cube [− 12 , 12 ]n for some n ∈ Z+ (we follow the convention that [− 12 , 12 ]0 means a single
point), and the gluing maps are isometries. We call [− 12 , 12 ]n as an n-cube and the dimension
of X, denoted by dimX is the supremum of such n. A cube complex X is equipped with the
metric induced by the Euclidean metric on the cubes and it is called CAT(0) if the metric gives X
a CAT(0) metric. If dimX < ∞, then the complex carries a complete geodesic metric. (See [2].)
Let us notice that a 1-dimensional CAT(0) cube complex is exactly a tree.
We focus mainly on combinatorics of CAT(0) cube complexes and we also give here the
combinatorial description of CAT(0) cube complexes which is known to be equivalent to the
above definition (at least in a finite-dimensional case). A cube complex is a non-empty set X
with a family C of non-empty subsets of X called cubes satisfying that (1) C is a cover of X
(2) for C1 and C2 in C, C1 ∩ C2 is also in C unless it is empty (3) for any C in C, there is a
bijection Φ :C → {0,1}n for some n ∈ Z+ (we call this cube C as an n-cube ) preserving its
faces, i.e. for any C′ ⊆ C, C′ ∈ C iff Φ(C′) is a face of {0,1}n where A ⊆ {0,1}n is called a face
iff A is of the form A1 × · · ·×An for ∅ = Ai ⊆ {0,1}. The dimension of X is still the supremum
of n for which an n-cube exists. Notice that any 1 point set is a cube from (1) and (3) which
we refer to as a vertex and also we refer to a 1-cube as an edge. For a vertex x, the vertex link
lk(x) of x is the set of vertices which are adjacent to x and it comes equipped with the simplicial
structure given as follows: S ⊆ lk(x) is a simplex iff there exists a cube including {x} and S.
A simplicial complex is said to be flag if any complete subgraph of n vertices is actually the
1-skeleton of an (n − 1)-simplex. A cube complex is called locally CAT(0) (or non-positively
curved) if every vertex link is a flag complex. A (combinatorial) cube complex has a geometric
realization through the natural identification of {0,1}n with the Euclidean cube [0,1]n in Rn.
For a cube complex with its geometric realization simply-connected, it is known [12] that it is
CAT(0) in the above sense, i.e. the metric induced by the Euclidean metric is CAT(0) iff it is
locally CAT(0).
A combinatorial hyperplane is an equivalence class of unoriented edges where two edges e
and f are called equivalent if there exists a finite sequence of edges e = e1, . . . , en = f such
that ei and ei+1 are opposite sides of some 2-cube in X for all i = 1, . . . , n − 1. If an edge
e belongs to a hyperplane H , we say e intersects with H . A combinatorial hyperplane admits
a natural geometric realization obtained by the first barycentric subdivision which is called a
geometric hyperplane [22]. A CAT(0) cube complex considered as a graph has another natural
metric called graph metric. We often refer to the associated distance function on X × X as the
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tance n, there are exactly n combinatorial hyperplanes which separates x and y and any geodesic
path between x and y intersects with every hyperplanes separating x and y just once. In particu-
lar, the combinatorial distance of diagonal points of d-cubes is just d . Also, we will utilize [22,
Theorem 4.6], so we cite it here.
Theorem 1. (See [22, Theorem 4.6].) If x and y are two vertices of X, and α and β are two
geodesic paths from x to y, then there exists a finite sequence of geodesic paths αi from x to y
with α1 = α and αn = β , such that αi and αi+1 differ by exchanging two consecutive edges for
two edges that run on the opposite side of some 2-cube.
Assume X is a connected graph. We consider it as a metric space via the graph metric and
often identify X with its vertex set. For any x, y ∈ X, we define the geodesic interval [x, y] as the
set of vertices lying on a shortest path (geodesic path) from x to y. A graph is called median if, for
each triple of vertices x, y, z, the geodesic intervals [x, y], [y, z], [z, x] have a unique common
point which is called the median of x, y, z. For example, if we divide the Euclidean plane into
squares, it becomes trivially a CAT(0) cube complex with the vertex set Z2 and the combinatorial
distance is just the 1-metric. In this case, for any vertices x, y, the geodesic interval [x, y] is
the set of vertices on a rectangle having x, y as one of its diagonal points and then an instant’s
consideration shows that this graph is median. This holds more generally, that is, in [7], Chepoi
showed that the 1-skeleton of a CAT(0) cube complex is a median graph [7, Theorem 6.1]. This
fact becomes a crucial ingredient for our paper. See also [5,19,21].
We study the geometry of CAT(0) cube complex and prove a Boz˙ejko–Picardello type in-
equality for finite-dimensional CAT(0) cube complexes, following the proof for trees in [1].
Theorem 2. Let X be a finite-dimensional CAT(0) cube complex and let Xn = {(x, y) ∈ X ×
X: d(x, y) = n} for n ∈ Z+. Then the norms of Schur multipliers of the characteristic function
of Xn increase polynomially, i.e. there exists a polynomial p such that ‖Xn‖cb  p(n).
Combining Theorem 2 with the previously established fact [18] that the combinatorial dis-
tance function on X is conditionally negative definite, we obtain
Theorem 3. A group Γ which acts cellularly and properly on a finite-dimensional CAT(0) cube
complex X is weakly amenable with Λcb(Γ ) = 1.
Guentner–Higson has obtained the same result [13] using uniformly bounded representations.
3. Main results
Let X be a CAT(0) cube complex. We call ω is an infinite geodesic in X if ω is an isometric
map from Z+ into X where X is equipped with the combinatorial distance. If we fix a point
x ∈ X and add an infinite geodesic ω to X which starts at x, then the resulting cube complex
X˜ = X ∪ {ω} is CAT(0) [2, p. 347] (or we can easily see this from the definition of CAT(0) cube
complex). Note that the embedding of X into X˜ is isometric in the combinatorial distance.
Henceforth, we assume there exists an infinite geodesic ω0 in X and fix it once and for all.
We say that two infinite geodesics ω1 and ω2 eventually flow with if there exists N ∈ Z such that
for any n ∈ Z+ with n |N |, ω1(n+N) = ω2(n). The following lemma is seen in [24, p. 246].
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Lemma 1. Let X be a connected graph and ω be an infinite geodesic in X. Then for any x ∈ X
there exists an infinite geodesic ωx which starts at x and eventually flows with ω.
Recall that X is a median graph and for any three vertices x, y, z in a median graph, there ex-
ists a unique point m(x,y, z) called the median of x, y, z which is on some geodesics connecting
each pair of them.
Lemma 2. For x, y ∈ X, there exists a unique point m(x,y) in X with the following property:
For all but finitely many z on ω0, m(x,y) is the median of x, y, z (Fig. 1).
Proof. Uniqueness is clear from the uniqueness of the median for three points in X. For the
existence, take any infinite geodesics ωx , ωy which start at x, y respectively and eventually flow
with ω0, which exist by Lemma 1. Since they eventually flow with, there is a point z which is
on both ωx and ωy . It is easy to see that if ω is an infinite geodesic and if we take two points x′,
y′ on ω and take another geodesic connecting x′ and y′ and substitute it for the corresponding
geodesic on ω, then the resulting infinite path is a geodesic. With this observation in hand, the ex-
istence of m(x,y) follows by considering geodesics between x and z, y and z which pass through
m(x,y, z) and substituting it for the corresponding geodesics on ωx , ωy , respectively. 
For any x ∈ X, we denote by A(x, k) the set of points of distance k from x ∈ X which is on
some infinite geodesic ω which starts at x and eventually flows with ω0 (Fig. 2), i.e.
A(x, k) = {y ∈ X: there exists an infinite geodesic ω
which starts at x,ω(k) = y, and eventually flows with ω}.
By Lemma 1, these sets are non-empty for all x ∈ X and for all k ∈ Z+.
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Lemma 3. For x1, x2 ∈ X, we write y = m(x1, x2), 1 = d(x1, y), 2 = d(x2, y). Then for
k1, k2 ∈ Z+, A(x1, k1)∩A(x2, k2) is not empty iff k1 = 1 +m and k2 = 2 +m for some m ∈ Z+,
and in this case, we have A(x1, k1)∩A(x2, k2) = A(y,m).
Proof. Assume A(x1, k1) ∩ A(x2, k2) is not empty and take z in A(x1, k1) ∩ A(x2, k2). Then
there exist infinite geodesics ωx1 , ωx2 which start at x1, x2 respectively and eventually flow with
ω0 and pass through z. Consider the median m(x1, x2, z) and take geodesics connecting x1 to z
and x2 to z which pass through m(x1, x2, z), and substitute them for the corresponding geodesics
on ωx1 , ωx2 , then we obtain two infinite geodesics ω˜x1 , ω˜x2 which start at x1, x2 respectively,
eventually flow with ω0 and pass through m(x1, x2, z) and z. By the uniqueness, m(x1, x2, z)
coincides with y. If we define m to be d(y, z), then k1 = 1 + m and k2 = 2 + m and z is in
A(y,m). Conversely, if k1 = 1 +m, k2 = 2 +m for some m ∈ Z+, then we take two geodesics
ωx1 , ωx2 which start at x1, x2 respectively, pass through y and eventually flow with ω0. We can
assume that ωx1 and ωx2 coincide after passing y by arguing as above. Then ωx1(k1) = ωx2(k2)
is in A(x1, k1) ∩ A(x2, k2) and it is not empty. Hence we have proved that the first statement
and A(x1, k1) ∩ A(x2, k2) ⊆ A(y,m). Assume z is in A(y,m) and take any geodesic ω which
starts at y and eventually flows with ω0 and ω(m) = z. If we take any geodesic ωx1 which starts
at x1 and passes through y and eventually flows with ω0, there exists a point w which is on ω,
ωx1 with d(y,w)m since ω and ωx1 eventually flow with ω0. Then substituting the geodesic
connecting y to w passing through z for the corresponding geodesic on ωx1 , we obtain an infinite
geodesic ω˜x1 which starts at x1 and passes through y, z and eventually flows with ω0 and hence
z is in A(x1, k1). Similarly, we can show z is in A(x2, k2) and we complete the proof. 
We consider the following polytopal structure. Its polytopes are obtained by sections of cubes,
which are perpendicular to some diagonal lines of cubes: 0-polytopes are just vertices of X and
for d  1, P ⊆ X is a d-polytope if there exists a (d + 1)-cube C, z ∈ C and l, 1 l  d , such
that P = the set of vertices of all lth points on geodesics connecting z to dC(z) where we denote
by dC(z) the point diagonal to z with respect to C. We make A(x, k) into polytopal complexes
by the above definition and denote this polytopal complex by A(x, k) (whose underlying vertex
set is A(x, k)). Though we could give A(x, k) a topological structure and argue along that line,
we treat it in a purely combinatorial way.
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For example, a 1-polytope is just a line segment corresponding to a diagonal line of some
2-cube, a 2-polytope is an equilateral triangle and for d  3, there are several shapes of
d-polytopes (Fig. 3). For any d-polytope P , we write d = dimP .
Lemma 4. For any d-polytope P ∈A(x, k), the (d +1)-cube C is unique in the above definition.
Moreover, there exist infinite geodesics ωp , p ∈ P , which start at x, pass through z, p, dC(z)
(not necessarily in this order) and eventually flow with ω0.
Proof. We first prove this for 1- and 2-polytopes. Assume x1, x2 ∈ A(x, k) and a 2-cube C on
which x1, x2 form a 1-polytope is given. Then the median of {x, x1, x2}, m(x,x1, x2) is one ver-
tex of C and another is m(x1, x2). With the observation used in Lemma 2 in hand, the statement
holds in this case. Assume P = {x1, x2, x3} is a 2-polytope. Since P is contained in a 3-cube,
the 2-cubes formed by {x1, x2,m(x, x1, x2),m(x1, x2)} and {x1, x3,m(x, x1, x3),m(x1, x3)} in-
tersects by an edge and hence either m(x,x1, x2) = m(x,x1, x3) or m(x1, x2) = m(x1, x3).
Similarly, the 2-cube formed by {x2, x3,m(x, x2, x3),m(x2, x3)} has common edges with these
2-cubes and hence there is a vertex which is in common for all these 2-cubes, and three points,
either {m(x,x1, x2),m(x, x1, x3),m(x, x2, x3)} or {m(x1, x2),m(x1, x3),m(x2, x3)}, each of
which is in each 2-cubes form another 2-polytope in either A(x, k − 1) or A(x, k + 1). Con-
tinuing the above process with this new 2-polytope, we obtain the desired property. The general
cases are essentially the same. We prove by induction in the dimension of cubes. Assume P
is a d-polytope and a cube C on which P forms a d-polytope is given. Fix two points y, z in
P and consider two points m(x,y, z) and m(y, z). We identify C with {0,1}d+1 and we may
assume y = (1, . . . ,1,0, . . . ,0) (the first l coordinates are 1), m(x,y, z) = (1, . . . ,1,0, . . . ,0)
(the first l − 1 coordinate are 1) and m(y, z) = (1, . . . ,1,0, . . . ,0) (the first l + 1 coordinates
are 1) and P is the polytope formed by the points whose coordinates have 1 l-times with l < d .
Considering (l + 1)-cube formed by the first l + 1 coordinates, we obtain an infinite geodesic
ω which starts at x and passes through (0, . . . ,0), y and eventually flows with ω0 by inductive
hypothesis and hence we have that (0, . . . ,0) is in A(x, k − l). By definition, there exist infinite
geodesics ωw for any w ∈ P which start at x and pass through w and eventually flow with ω0.
Taking any geodesic between (0, . . . ,0) and w (which is necessarily in C) and tying it with
a geodesic between x and (0, . . . ,0), we obtain a geodesic between x and w passing through
(0, . . . ,0) and hence we may assume ωw pass through (0, . . . ,0) by substituting the correspond-
ing geodesics if necessary. Then, considering the medians m(w,w′) for w,w′ ∈ P , it is easy to
see that the set of (l + 1)th point of geodesics from (0, . . . ,0) to (1, . . . ,1) forms a d-polytope in
A(x, k+ 1) and continuing these process, we obtain an infinite geodesic which starts at x, passes
through (0, . . . ,0), (1, . . . ,1) and eventually flows with ω0 and this implies the statement except
for uniqueness.
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by the medians m(w,w′) and the (l − 1)th points are obtained by the medians m(x,w,w′),
w,w′ ∈ P , and the (l + 2)th points are obtained by the medians of two points in the (l + 1)th
points and so on. 
Assume A(x,1) = {x1, . . . , xn}. We claim that for any i, j (i = j) there are 2-cubes C{i,j}
which is formed by x, xi , xj , m(xi, xj ). To see this, first we see that the distance between xi
and xj is 2. Indeed, if we take a geodesic α between them and form a loop by tying α and
edges {x, xi}, {x, xj } together, we can conclude that the length of α is 2 since the length of any
loop is even number [6, Lemma 4.5]. Hence m(xi, xj ) is adjacent to xi and xj . Considering two
geodesics between xi and xj formed by (xi, x, xj ) and (xi,m(xi, xj ), xj ), and using the cited
theorem [22, Theorem 4.6], we conclude the existence of 2-cubes. Hence by the link condition
in the definition of CAT(0) cube complex, there is an n-cube C which includes x and A(x,1).
Assume k  1 and in this case, we have A(x, k) =⋃ni=1 A(xi, k − 1).
Proposition 1. For non-empty I ⊆ {1, . . . , n}, we have the following:
⋂
i∈I
A(xi, k − 1) =
{∅ (if k  #I − 1),
A(dI (x), k − #I ) (if k  #I ),
where dI (x) is the point diagonal to x with respect to the #I -cube spanned by {xi}i∈I .
Proof. We prove by induction in #I . The case for #I = 1 is trivial and we assume #I  2 and
the statement holds for J ⊆ {1, . . . , n} with #J < #I . First we treat the case for k  #I − 1. Take
J ⊆ I with #J = #I − 1. If k < #I − 1, then ⋂i∈I A(xi, k − 1) ⊆⋂i∈J A(xi, k − 1) = ∅ by
the assumption. If k = #I − 1 and we write J ∪ {j} = I , then ⋂i∈J A(xi, k − 1) = A(dJ (x),
k − #J ) by the assumption and noting that d(xj , dJ (x)) = #I , we obtain ⋂i∈I A(xi, k − 1) =⋂
i∈J A(xi, k−1)∩A(xj , k−1) = ∅ by Lemma 3. Next we treat the case for k  #I . Again, if we
write I as J ∪{j} and by the assumption we have⋂i∈J A(xi, k−1) = A(dJ (x), k−#J ). Noting
that m(xj , dJ (x)) = dI (x) by Lemma 4, we obtain ⋂i∈I A(xi, k − 1) =⋂i∈J A(xi, k − 1) ∩
A(xj , k − 1) = A(dI (x), k − #I ) by Lemma 3. 
Let I(x, k) be the set of non-empty subsets I of {1, . . . , n} such that ⋂i∈I A(xi, k − 1) = ∅
and let P(x, k) be the set of polytopes P inA(x, k) which are not in the union⋃ni=1A(xi, k−1).
By using the above proposition, it is not difficult to check that there is a bijection between I(x, k)
and P(x, k) given by I → PI := the (#I − 1)-polytope which is on the cube formed by {xi}i∈I
and P → IP := the set of indexes which are involved in the cube which P is on.
We denote the Euler characteristic of A(x, k) by χ(A(x, k)), which is defined by
χ(A(x, k)) = ∑N−1d=0 (−1)d#A(x, k)(d), where A(x, k)(d) means the set of d-polytopes in
A(x, k) and N is the dimension of X. For any subset (not necessarily subcomplex) S ⊆A(x, k),
we denote by χ(S) the number∑N−1d=0 #S(d) where S(d) denotes the set of d-polytopes contained
in S . By the definition, we have χ(A(x, k)) = χ(S)+ χ(A(x, k) \ S).
Proposition 2. The Euler characteristic of A(x, k) is 1 for all x ∈ X and k ∈ Z+.
Proof. We proceed by induction. If k = 0, then A(x,0) consists of one point and hence
the statement holds. Assume that k  1 and A(x,1) = {x1, . . . , xn}. Recall that A(x, k) =
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i=1 A(xi, k − 1). If this is a union not only as a vertex set but also as a complex, i.e. if every
d-polytope which is in A(x, k) is also in A(xi, k−1) for some i, i = 1, . . . , n, then the statement
holds as follows: By using the inclusion–exclusion principle, we see that
χ
(A(x, k))= ∑
∅=I⊆{1,...,n}
(−1)#I−1χ
(⋂
i∈I
A(xi, k − 1)
)
holds. Then using Proposition 1 and the observation preceding this proposition, we have that the
terms χ(
⋂
i∈I A(xi, k − 1)) are all 1 by the inductive hypothesis and consequently we obtain
χ
(A(x, k))= n∑
d=1
(−1)d−1
(
n
d
)
= 1
by the binomial theorem.
In general, we have the following equations:
χ
(A(x, k))= χ
(
n⋃
i=1
A(xi, k − 1)
)
+ χ(P(x, k))
= χ
(
n⋃
i=1
A(xi, k − 1)
)
+
∑
P∈P(x,k)
(−1)dimP .
On the other hand,
χ
(
n⋃
i=1
A(xi, k − 1)
)
=
∑
∅=I⊆{1,...,n}
(−1)#I−1χ
(⋂
i∈I
A(xi, k − 1)
)
holds by the inclusion–exclusion principle and thus we have
χ
(
n⋃
i=1
A(xi, k − 1)
)
= 1 −
∑
I∈I(x,k)
(−1)#I−1
by the binomial theorem, the inductive hypothesis and the following paragraph of Proposition 1
since χ(∅) = 0. Since there is a natural one-to-one correspondence between I(x, k) and P(x, k)
as given at the following paragraph of Proposition 1, we have
∑
P∈P(x,k)
(−1)dimP =
∑
I∈I(x,k)
(−1)#I−1,
and the statement holds also in this case. 
Here we evaluate the number of vertices in A(x, k). In [6], they showed that it is bounded
above by polynomial in k. We prove a similar result and calculate the exact bound. Intuitively,
the maximal number is attained if the cubes of the maximal dimension are stuffed and in this
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(
k+N−1
N−1
)
where N is the dimension of X.
Indeed, this is the case.
Lemma 5. There exists a polynomial q such that for any x ∈ X and for any k ∈ Z+,
#A(x, k) q(k). More precisely, we can take q to be qN(k) =
(
k+N−1
N−1
)
where N is the dimension
of X.
Proof. We prove by double induction in the dimension of the cubes which are involved and in k.
The cases that k = 0 with arbitrary dimension, and dimX = 1 with arbitrary k are trivial. Assume
A(x,1) = {x1, . . . , xn} and write A(x, k) as A(x1, k− 1)∪ (A(x, k) \A(x1, k− 1)). We consider
the hyperplane H separating x and x1. Then H separates A(x1, k−1) from A(x, k)\A(x1, k−1).
To see this, take any y ∈ A(x1, k − 1) and assume H does not separate x from y. Then there
are k hyperplanes which separate x from y. Note that these hyperplanes are different from H
since it does not separate x from y. Moreover, note that these hyperplanes separating x from
y also separate x1 from y since x and x1 are separated only by H and so there exist k + 1
hyperplanes separating x1 and y, a contradiction. Conversely, take y ∈ A(x, k) and assume H
does not separate x1 from y. Then there are just k − 1 hyperplanes separating x1 from y since H
does not separate them, i.e. d(x1, y) = k−1. It is easy to see that there exists an infinite geodesic
which starts at x and passes through x1, y and eventually flows with ω0, and hence in particular,
y is in A(x1, k − 1).
We claim by induction in k that for all y in A(x, k)\A(x1, k−1) there exists z in A(x1, k) such
that y and z are adjacent by an edge and this edge intersects with H . To prove this, take any y′ in
A(x, k − 1) which is adjacent to y. Then it is necessarily contained in A(x, k − 1) \A(x1, k − 2)
for if y′ was in A(x1, k−2), then the hyperplane separating y from y′ must be H , but H does not
separate y from x, there must be k + 1 hyperplanes which separates x from y′, a contradiction.
Hence, by induction, there exists z′ in A(x1, k−1) such that y′ and z′ are adjacent by an edge and
this edge intersects with H . If we define z to be m(y, z′) which is in A(x, k + 1), it is easily seen
that y′, z′, y, z form a 2-cube by arguing as in the preceding paragraph of Proposition 1. Note that
the edges connecting y′ to z′ and y to z are hyperplane equivalent and so the edge connecting y
to z intersects with H and hence we have proved the claim. If we consider A(x, k) \A(x1, k− 1)
only, then the dimension of cubes that are involved is no more than N − 1. Hence, by induction,
we obtain
#A(x, k) = #A(x1, k − 1)+ #
(
A(x, k) \A(x1, k − 1)
)
 qN(k − 1)+ qN−1(k)
= qN(k)
and we are done. 
Now, we can prove Theorem 2 using the above results and the construction used in [1]. For
the reader’s convenience, we sketch the proof of Theorem 2 here for the case of a tree seen in [1].
For any x ∈ X, there exists a unique geodesic ωx which starts at x and eventually flows with ω0.
We define maps fk from X into 2(X) by fk(x) = δωx(k). Then it turns out that θn(x, y) :=∑n
k=0〈fk(x), fn−k(y)〉 =
∑n/2
k=0 χn−2k(x, y) for any x, y ∈ X. Since ‖fk(x)‖ = 1 for all x ∈ X,
we have ‖θn‖cb  n + 1 and hence ‖χn‖cb  2n since χn = θn − θn−2. The variant for CAT(0)
cube complexes is more complicated, but we have prepared enough to prove it.
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of mχn , we consider the following Hilbert spaces. For any l, we define X (l) to be the set of
all l-polytopes in X and consider 2-spaces of them. Then we define maps f (l)k from X into⊕N−1
d=0 2(X (d)) as follows
f
(l)
k (x) =
∑
K∈A(x,k)(l)
δK ∈ 2
(X (l))⊆ N−1⊕
d=0
2
(X (d))
where δK denotes the Dirac function of K , N is the dimension of X and 2(X (l)) sits in⊕N−1
d=0 2(X (d)) naturally. We define functions θn on X ×X by
θn(x, y) =
n∑
k=0
N−1∑
l=0
(−1)l 〈f (l)k (x), f (l)n−k(y)〉
for any x, y ∈ X. Fix x, y ∈ X. If d(x, y) = n − 2k for any k, k ∈ Z+, we have θn(x, y) = 0 by
Lemma 3 and if d(x, y) = n− 2k for some k, k ∈ Z+, then θn(x, y) = the Euler characteristic of
A(m(x, y), n−d(x,y)2 ) by Lemma 3 which equals to 1 by Proposition 2. Hence we conclude that
θn =∑n/2k=0 χn−2k . Since χn = θn − θn−2, to prove that cb-norms of mχn increase polynomially,
it suffices to show that those of mθn do. Note that the square of the norm of f
(l)
k is equal to
#A(x, k)(l). Recall that there are several shapes of l-polytopes and they consist of (l+11 ), . . . , (l+1l/2)
vertices for l even, and
(
l+1
1
)
, . . . ,
(
l+1
(l+1)/2
)
vertices for l odd respectively and hence #A(x, k)(l)
is bounded above by
∑l/2+1
m=1
(#A(x,k)
(l+1m )
) (here we follow the convention that (n
k
) = 0 if n < k).
We define r(n) to be
∑N−1
l=0
∑l/2+1
m=1
( n
(l+1m )
)
. Since
( n
(l+1m )
)
is an increasing function in n for
fixed l, m, ‖f (l)k (x)‖2  r(q(k)) holds for all 0  l  N − 1, k ∈ Z+ and x ∈ X where q(k)
is a polynomial in Lemma 5. Hence the completely bounded norm of θn is bounded above by
N
∑n
k=0
√
r(q(k))
√
r(q(n− k)) which is bounded by N∑nk=0 r(q(k))r(q(n− k)) since √t  t
for t  1. 
We know from [18] that the combinatorial distance d on X gives rise to a condition-
ally negative definite function on X × X and also that, by Schoenberg’s theorem, (x, y) →
exp(− 1
n
d(x, y)) is a positive definite function on X × X for all n ∈ N. If Γ acts on X cellu-
larly (and hence isometrically), then we obtain unital positive definite functions on Γ defined by
s → exp(− 1
n
d(sx0, x0)) where x0 ∈ X is a fixed point in X. If, moreover, Γ -action is proper,
then these functions are in c0(Γ ), where c0(Γ ) denotes the set of functions on Γ which vanish
at infinity. Recall that a unital positive definite function gives rise to a unital completely positive
Herz–Schur multiplier and hence its cb-norm is equal to 1. To obtain finitely supported functions
with controlled cb-norms, we truncate the functions by using Theorem 2. This kind of idea has
first appeared in [14] and been used by many authors.
Proof of Theorem 3. We fix x0 ∈ X as above and consider the functions ψn(s) :=
exp(− 1
n
d(sx0, x0)) and χn(s) := χn(sx0, x0). Then ψn(s)χk(s) = exp(− kn )χk(s) holds for all
s ∈ Γ . We already know that there exists a polynomial p such that ‖Xn‖cb  p(n). For fixed
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‖∑Kk=0 ψnχk‖cb tends to ‖ψn‖cb = 1 as K tends to ∞. Assume s1, . . . , sn and ε > 0 are given.
Since ψn tends to 1 pointwise as n tends to ∞, we can take N so that |1 − ψN(si)| < ε holds
for all i, i = 1, . . . , n. Also, we can take K so that ‖∑kK ψNχk‖cb < ε holds. Then ϕ(s) :=∑
kK ψN(s)χk(s) satisfies that |1 − ϕ(si)| < 2ε for all i, i = 1, . . . , n, and ‖ϕ‖cb < 1 + ε.
Hence, if we choose Nn and Kn suitably for all n ∈ N, ϕn(s) =∑kKn ψNn(s)χk(s) defines a
sequence of finitely supported functions on Γ which tends to 1 pointwise whose cb-norm tends
to 1. 
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